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In [2] Kok-Wee Phan studied the way in which SL(n + 1, p) is generated 
by its canonical subgroups of type SL(2, 4). However, his arguments are 
overly complicated. In this note we outline a quick proof of his Theorems 1 
and 2, making more transparent at the same time the difference between the 
cases of even and odd Q. All that is really needed is an examination of SL(3, a) 
and an appeal to Steinberg’s theorem on generators and relations. Acquaint- 
ance with the statements of Theorems 1, 2 in [2] is presupposed. Let 4 > 4. 
First we explore assumptions (a), (b). Say we are given two subgroups& , 
L, of a group G, each isomorphic to SL(2, Q), which together generate a 
subgroup isomorphic to SL(3, Q). We are also given elements a, in L, of order 
4 - 1 which generate an abelian subgroup of order (p - l)“, the order of the 
diagonal subgroup K of SL(3, q). S ince the ai are semisimple matrices, it is 
easy to apply a standard conjugacy theorem for Chevalley groups(cf. [3,11.5.10] 
and its proof) to conclude that (al, s a ) corresponds to K (after adjusting 
the isomorphism of (L, , L,) with SL(3, q)). Similarly, we may assume at the 
outset that (ai) corresponds to the diagonal subgroup of SL(2, q). 
When q is odd, (a,) contains a matrix of order 2 centralizingLi w SL(2, q). 
But the only matrices of order 2 in K are diag( - 1, - 1, I), diag( 1, - 1, - l), 
diag(-I, 1, -1). If, f or example, diag(- 1, - 1, 1) centralizes Li , then the 
matrices in Li must all have zero entries in the (1, 3), (2, 3), (3, l), (3, 2) 
positions. These considerations force Li to correspond to one of the three 
canonical copies of SL(2, q) in SL(3, q), corresponding to the three positive 
roots relative to K in the root system of type A, . (Conversely, of course, any 
two of these three subgroups generate SL(3, q).) We may even assume that 
L, , L, correspond to the two simple roots of SL(3, q), if we adjust the isomor- 
phism of (L, , L,) with SL(3, Q) by an inner automorphism (for suitable 
element of N(K)). In particular, it is now obvious that both <L, , uz) and 
(L, , a,) are isomorphic to GL(2, q), which is assumption (d) in [2, Theorem I]. 
When q is even, SL(2, q) is isomorphic to PSL(2, q). If we let L, be the 
&joint group of SL(2, q) (in its natural representation in SL(3, q)) then no 
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semisimple matrix of order Q - 1 in SL(3, Q) can centralize L, when p > 4, 
so assumption (d) cannot hold. However, by taking L, to be one of the canon- 
ical copies of SL(2, q) in SL(3, q), we see readily (e.g., by dimension count 
in the ambient algebraic groups) that (L, , L,) = SL(3, q), and also that 
suitable diagonal matrices ai in Li satisfy condition (b). This shows why Phan 
has to distinguish between even and odd q. 
We turn now to the proof of Theorem 1. For this we appeal to Steinberg’s 
presentation of SL(n + 1, q) by generators and relations [4, p, 721 (as Phan 
also does, although less directly). As Curtis and, independently, Tits have 
observed, it is sufficient to assume the commutator relations only for pairs 
of roots both of which are linear combinations of a pair of simple roots 
[I > (1.8)1. 
The argument above showed that for q odd, the isomorphism of (Li , L,+& 
with SL(3, q) may be chosen so that (ai , ai+& corresponds to K and so that 
Li , Lj+l correspond to canonical copies of SL(2, q) in SL(3, q). If xi(t), resp., 
yi(t), is the element of L, corresponding to (i i), resp., (‘, y), then (by using, 
if need be, the inner automorphism of SL(2, q) given by the Weyl reflection) 
we may further assume that xi(t), yi(t) have the same meaning when Li is 
viewed as a copy of SL(2, q) in (Lip1 , Li) (this normalization can be done 
without circularity, starting with L, , essentially because the Dynkin diagram 
of type A,-or any other type-has no circuits). It follows, if we use (c) 
to get the trivial commutator relations, that G is generated by elements x,(t) 
(a in a root system of type A,) satisfying all the commutator relations required 
by Steinberg’s theorem, as modified by Curtis and Tits. We conclude that 
G is a homomorphic image of SL(n + 1, q). (Remark: It is also true, clearly, 
that G has PSL(n + 1, q) as homomorphic image.) 
For q ecuen, one has to use assumption (d) first in order to see that L, , 
L, may be assumed to correspond to canonical copies of SL(2, q) in SL(3, q); 
then the preceding argument applies. As before, we may assume that the 
diagonal subgroup of GL(2, q) corresponds to the diagonal subgroup of 
SL(3, q) under the given isomorphism of the former with (L, , a& (for 
example). Since q > 4, the (diagonal) matrix a2 of order q - 1 which 
centralizes L, is nonscalar. From this it follows at once that matrices in 
SL(3, q) belonging to L, can have nonzero superdiagonal (resp., subdiagonal) 
entries only in one fixed position. From this we obtain, as before, the desired 
canonical copies of SL(2, q). 
Finally, we observe that the results of [2] carry over automatically to the 
other (simply connected) Chevalley groups having roots of only one length, 
since the rank 2 subgroups needed are all of type SL(3, q). For other cases 
it would be necessary to examine how Sp(4, q) can be generated by two sub- 
groups isomorphic to SL(2, q). (G2 never occurs in this context, since Phan’s 
theorems only have interest for rank greater than 2.) 
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